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Abstract
A function f de1ned on the vertices of a graph G = (V; E); f :V → {−1; 0; 1} is a minus
dominating function if the sum of its values over any closed neighborhood is at least one. The
weight of a minus dominating function is f(V ) =
∑
v∈V f(v). The minus domination number
of a graph G, denoted by −(G), equals the minimum weight of a minus dominating function
of G. In this paper, a sharp lower bound on − of k-partite graphs is given. The special case
k=2 implies that a conjecture proposed by Dunbar et al. (Discrete Math. 199(1999) 35) is true.
c© 2003 Elsevier B.V. All rights reserved.
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1. Introduction
For a graph G=(V; E) with vertex set V and edge set E, the open neighborhood of
v∈V is N (v)={u∈V |uv∈E} and the closed neighborhood of v is N [v]={v}∪N (v).
For a set S of vertices, we de1ne the open neighborhood N (S) =
⋃
v∈S N (v), and the
closed neighborhood N [S] = N (S) ∪ S. If T is another subset of V disjoint from S,
we let e(S; T ) denote the number of edges between S and T . G is a k-partite graph
with vertex classes V1; V2; : : : ; Vk if V (G) = V1 ∪ V2 ∪ · · · ∪ Vk; Vi ∩ Vj = ∅ whenever
16 i¡ j6 k and no edge joins two vertices in the same class.
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For a real-valued function f de1ned on vertices of a graph G and S ⊆ V , let
f(S) =
∑
v∈S f(v) and f[v] =f(N [v]). A minus dominating function of G is de1ned
in [2] as a function f :V → {−1; 0; 1} such that f[v]¿ 1 for each v∈V . A minus
dominating function f is minimal if every minus dominating function g satisfying
g(v)6f(v) for every v∈V is equal to f. It is easy to see that a minus dominating
function is minimal if and only if for every vertex v∈V with f(v)¿ 0, there exists
a vertex u∈N [v] with f[u] = 1. The minus domination number of a graph G is
−(G) = min{f(V )| f is a minus dominating function of G}.
Since the problem of determining the minus domination number is NP-complete,
many bounds on −(G) were studied in (cf. [1,3–8]). In [2], the following conjecture
was given.
Conjecture (Dunbar et al. [2]). If G is a bipartite graph of order n, then −(G)¿
4(
√
n+ 1− 1)− n.
In this note, we give a lower bound on the minus domination number of k-partite
graphs. The special case k = 2 implies that the above conjecture is true.
2. A lower bound on the minus domination number of k-partite graphs
We 1rst give an inequality which will be used.
Lemma 1. For k(k¿ 2) non-negative integers p1; p2; : : : ; pk ,
√√√√(2 + 2
k − 1
) k−1∑
i=1
k∑
j=i+1
pipj6
k∑
i=1
pi:
Proof. We observe that
(
k∑
i=1
pi
)2
−


√√√√(2 + 2
k − 1
) k−1∑
i=1
k∑
j=i+1
pipj


2
=
k∑
i=1
p2i −
2
k − 1
k−1∑
i=1
k∑
j=i+1
pipj
=
1
k − 1

k−1∑
i=1
k∑
j=i+1
(pi − pj)2


¿ 0:
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So √√√√(2 + 2
k − 1
) k−1∑
i=1
k∑
j=i+1
pipj6
k∑
i=1
pi:
Theorem 2. Let k¿ 2 and let G=(V; E) be a k-partite graph of order n with vertex
classes V1; V2; : : : ; Vk , then
−(G)¿
2k
k − 1
(√
1 +
2(k − 1)
k
n− 1
)
− n:
Proof. For n = 2 the assertion is trivial, so suppose that n¿ 3. Let f be a minus
dominating function of G satisfying f(V ) = −(G) and let
M = {v∈V |f(v) =−1};
P = {v∈V |f(v) = 1};
Q = {v∈V |f(v) = 0};
Mi =M ∩ Vi; Pi = P ∩ Vi; Qi = Q ∩ Vi;
mi = |Mi|; pi = |Pi|; qi = |Qi|; i = 1; 2; : : : ; k:
Then
n=
k∑
i=1
pi +
k∑
i=1
qi +
k∑
i=1
mi: (1)
Since f[v]¿ 1 for every v∈V , we have |N (v)∩P|¿ 2 for every v∈Mi; i=1; 2; : : : ; k.
So
e(P;M)¿ 2
(
k∑
i=1
mi
)
: (2)
For each v∈Pi, we have
|N (v) ∩M |6 |N (v) ∩ P|:
Hence
e(P;M) =
k∑
i=1
∑
v∈Pi
|N (v) ∩M |
6
k∑
i=1
∑
v∈Pi
|N (v) ∩ P|
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k∑
i=1
pi

 k∑
j=1; j =i
pj


= 2
k−1∑
i=1
k∑
j=i+1
pipj: (3)
Combining (2) and (3), we have
k∑
i=1
mi6
k−1∑
i=1
k∑
j=i+1
pipj: (4)
By (1) and Lemma 1, we get√√√√(2 + 2
k − 1
) k−1∑
i=1
k∑
j=i+1
pipj +
k∑
i=1
mi +
k∑
i=1
qi6 n: (5)
Using (4) and (5), we obtain√√√√(2 + 2
k − 1
) k∑
i=1
mi +
k∑
i=1
mi +
k∑
i=1
qi6 n (6)
and √√√√(2 + 2
k − 1
) k∑
i=1
mi +
k∑
i=1
mi6 n: (7)
Using (6), we have
−(G) = f(V (G))
= n−
k∑
i=1
qi − 2
k∑
i=1
mi
¿
√√√√(2 + 2
k − 1
) k∑
i=1
mi +
k∑
i=1
mi − 2
k∑
i=1
mi
=
√√√√(2 + 2
k − 1
) k∑
i=1
mi −
k∑
i=1
mi: (8)
For notational convenience, we write a=
√∑k
i=1 mi and de1ne two functions:
h(y) = y2 +
√
2 +
2
k − 1 y; y¿ 0
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and
g(y) =


√
2 +
2
k − 1 y − y
2 if y¿ 1;
1 if 1¿y¿ 0:
Since
dh
dy
= 2y +
√
2 +
2
k − 1 ¿ 0 if y¿ 0
and
dg
dy
=
√
2 +
2
k − 1 − 2y6 0 if y¿ 1:
This implies that h(y) is a monotonous increasing function if y¿ 0 and g(y) is a
monotonous decreasing function if y¿ 1. By (7), we obtain
h(a) = a2 +
√
2 +
2
k − 1 a6 n:
Furthermore, we note that when
y0 =
√
2+2=(k−1)+4n−
√
2+2=(k−1)2
;
it follows that
h(y0) = n¿max{h(1); h(a)} for n¿ 3:
So
max{1; a}6
√
2 + 2=(k − 1) + 4n−√2 + 2=(k − 1)
2
:
If |M |=0, that is, a=0, then −(G)¿ 1= g(a)¿ g(1). By the monotonicity of g(y)
and (8), we 1nally obtain
−(G)¿ g(a)
¿
{
g(1) a= 0;
g(a) otherwise;
¿ g(y0)
=
2k
k − 1
(√
1 +
2(k − 1)
k
n− 1
)
− n:
An example will show that the bound in Theorem 2 is sharp. Now we exhibit an
in1nite class of k-partite graphs as follow. Let s¿ 4 be an even integer, and let H be
isomorphic to s=2 disjoint copies of K2; (k−1)s. Let H1; H2; : : : ; Hk be k disjoint copies of
H . Further, let Xi and Yi be the sets of vertices of degree 2 and (k − 1)s, respectively,
for i = 1; 2; : : : ; k. Now let G be the graph obtained from
⋃k
i=1 Hi by joining every
vertex of Yi to every vertex of Yj(16 i¡ j6 k). Then G is a k-partite graph of
order n = ks + 12k(k − 1)s2 with partite sets X1 ∪ Y2; X2 ∪ Y3; : : : ; Xk−1 ∪ Yk ; Xk ∪ Y1.
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Fig. 1. Graph G with s = 4; k = 2.
Fig. 1 is an example of G when s= 4; k = 2. Let f be the function on G and assign
the value 1 to every vertex in
⋃k
i=1 Yi and assign −1 to every vertex in
⋃k
i=1 Xi.
Then it is easy to see that f is a minimal minus dominating function on G with
−(G) =f(V ) = ks− 12 k(k − 1)s2 = (2k=(k − 1))(
√
1 + (2(k − 1)=k)n− 1)− n, where
n= ks+ 12k(k − 1)s2.
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